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Layer discrepancy by Doble et al. (2019)

Let /C be a learning space on a domain () and ¢ € () an item. Then the first outer layer and
the first inner layer of a subset .S of () are defined as follows

S‘f“zz&]%s Vo & S.p<q = p=q},
Sh={qeS|V¥peS,qg<xp = p=q}

The n-th outer and inner layer are for n > 2 recursively defined as

Soln ,: (S L nal SOli)Oll
' i=1 ’

Siln .— (S \ 7:;:611 Sili)ill.
The outer layer discrepancy is
tyer - @ X Kg = N, (q, K) — dj,0.(q, K) =n for g € K.

layer

The inner layer discrepancy is
e QX Ky — N, (q,K)HdgayeT(q,K) =n forqge K™

layer

So the layer discrepancy is defined as follows:

1 K)ifge K
diayer - X IC—= N, (g, K)— djger(q, K) = l.ayer(Q7 :
lay Q (q ) lay ((] ) ; (q)K) ifq -
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Minimum discrepancy

Let /C be a knowledge structure defined on a domain (), ¢ € () and K € K. Then we define:

K%g .= {LEKQ ‘ KQL}

The outer minimum discrepancy is

dy.. QxK; =N, (¢, K)—d]

man man

(¢, K) = min {|L\ K|} forg¢ K.

The inner minimum discrepancy is

d. QxK,—N, (¢K)~d

main main

(¢, K) = i {|K\ L|} forqe K.

So overall the minimum discrepancy is defined as follows:

d’ . K)if K
dmz’n : Q X IC — N, (q7 K) — dmzn(q, K) — mzn(Q7 ) I q §é :
d . (q, K)if g € K.

min

Lemma
Let /C be a quasi ordinal knowledge space defined on a domain () and < C ) X () the
corresponding precedence relation. Then the following holds for all items ¢ € @:

%zn(%K): {p¢K p<Q}7 VKGICQ’

Comparison of the discrepancies

Generalization
The layer discrepancy can be defined on arbitrary discriminative knowledge
structures. Since equally informative items cannot be contained in any inner
or outer layer, a generalization to non discriminative knowledge structures
is not possible.

Observed Properties
e Minimum discrepancy depends on the knowledge structure.
e | ayer discrepancy depends on the precedence relation only.

A fair comparison between layer and minimum discrepancy is possible for
quasi ordinal learning spaces only. In quasi ordinal learning spaces...

e ...minimum discrepancy and layer discrepancy differ in distinct cases.
e ...minimum discrepancy represents the length of a learning path
e ...the first inner and outer layer equal inner and outer fringe respectively.

Disjoint union of chains a
Let K be a quasi ordinal learning space on a domain () and <X C ) X ()

the corresponding precedence relation. The structure /C satisfies the duc -
condition, if for all p,p’, q € Q:

and ¢ < p')

(a) Precedence relation

d . (¢, K)=|{pe K q;p}, VK € K,.
Examples
{a,b,c,d, e, f} {a,b,c,d, e, f}
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{a,b,c,d, e} {a,b,c,d, f} {a,b,c,d, e}
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{a,b,c,d} {a,b,d, f}
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{a,b,c} {a,b,d} {b,d, f} {a,b,c} {b,d, f}
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f {a,b} {b,d} {b, d}
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(c) Associated smallest knowledge
structure /Co

(b) Associated quasi ordinal knowledge space K;

Figure 2: Hasse diagramms for an example on a domain with 6 items.

p
D Table 1: Minimum discrepancy and layer discrepancy for the example in Figure 1. The rows indicate states, columns indicate items.

Negative numbers represent inner discrepancies, positive numbers outer discrepancies.

Theorem
Then the following equivalence holds: )Ci ICo
JC satisfies the duc - condition <— Aiayer Apnin Aiayer Apnin
Qayer(q, K) = dpin(q, K), Yg € Q and K € K ab cdef abcdeft abcdef abocde f
f-1-1-2-2-3-3 -1-1-3-2-5-3 -1-1-2-2-3-3 -1-1-3-2-5-3
e The Hasse diagrams of precedence relations, which follow the duc- wy 1-1-2-2-3-3 1-1-2-2-4-3 1-1-2-2-3-3 1-2-2-4-4-5
condition, are disjoint unions of chains. y-11-2-1-3-2-11-2-1-4-2-11-2-1-3-2 -2 1-2-1-4-2
e The duc-condition is a rather strict constraint. by 11-1-1-2-2 1 1-1-1-3-2
e A partial order as the precedence relation or a quasi ordinal learnin 1bdp-12-21-3-1-12-21-3-1-12-21-3-1-32-31-3-1
S apce which is a distribEtive raded lattice are no(’qc sufficient for duc ¥ 1g,bct 221122 221-1-2-2 221-1-2-2 222-2-2-3
P & | fabdy 1 2-11-2-1 12-11-2-1
{bd,f}-13-22-31-13-22-31-13-22-31-3332-31
Motivation and future research bedl 22 11-1-1 23 11-1-1
{a,b,d,f} 1 3-12-21 13-12-21
Same error probabilities for everyone?! {{aabacadaez}% 33221-1 342211 33221-1 34322-1
. . be,d, ft 23 1 2-11 24 12-11
ltem 1: Explain the hairy ball th | “ ’
S S APl TR Rally Dall TeorEm fabede,fl 33 2211 352311 332211 353331
C
b C C b ¢
a a b a b c a b a
Figure 1: On the left an unexperienced student, who is new to the topic. On the right an
experienced student, who knows all the prerequisites of ltem 1. <03 <14 <19 <08 <10

Generalization of the BLIM:

e [he assumption of constant error probabilities across persons should be
relaxed.

e [he response error probabilities 5 and 17 depend on the item and on the
discrepancy between the item and the persons knowledge state.

® [here should be as few new parameters introduced as possible.

Figure 3: Hasse diagrams of all antisymmetric precedence relations on Q) = {a, b, c}.
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